The echo e ect in charged particle beams provides a link between macroscopic measurable beam parameters and microscopic phase space motion of the beam. Since quantum mechanics dictates a granularization of the phase space, it in uences how the phase space behaves microscopically, and thus potentially a ect how the echo e ect behaves macroscopically. In this study, w e propose to examine the possible measurable macroscopic e ects of quantum mechanics on beams through its echo e ect.
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The echo e ect 1 in charged particle beams provides a link between macroscopic measurable beam parameters and microscopic phase space motion of the beam. Since quantum mechanics dictates a granularization of the phase space, it in uences how the phase space behaves microscopically, and thus potentially a ect how the echo e ect behaves macroscopically. In this study, w e propose to examine the possible measurable macroscopic e ects of quantum mechanics on beams through the echo e ect. Figure 1 show s a s c hematic for the classical echo e ect. We consider transverse motion in 1-D giving a 2-D phase space with coordinates q;p. The motion is taken to be that of a harmonic oscillator with frequency ! with a perturbative non-linear term. Thus, a particle of mass m will follow a circular trajectory in scaled q; p=m! phase space with a frequency weakly dependent on initial amplitude. At t = 0 the beam is subjected to a dipole kick resulting in a translation of the phase-space distribution. Subsequently, the beam distribution laments because of the non-linearity and will ll up an annular region.
This lamentation results in a diminishing of the beam centroid signal until it is essentially zero. After a su cient amount of time , the beam is subjected to a second, quadrupole kick which causes a squeezing of phase space. Subsequently, the squeezed lamented phase space continues to evolve in some sense undoing the lamentation process such that at a time 2 the phase space becomes bunched again, yielding a non-zero centroid signal. This beam centroid signal at time 2 is called the echo. The mechanism of the echo e ect depends on a detailed microscopic correlation of phase space dynamics over a long time period of 2 . This property has led to the application of using the echo as a sensitive measure to detect slow di usion of particle motion in phase space 1, 2 . The question being asked here is whether quantum mechanical requirement on phase space would also a ect the echo signal over the long time 2 . This is a quantum mechanical contribution to beam emittance. However, the magnitude of the quantum mechanical contribution is too microscopic to be measured unless one has an extremely cold beam. It is hoped that a quantum mechanical e ect on echo could be more macroscopic.
In obtaining Eq.1, we h a v e assumed that particles do not interact with one
another. This excludes any space charge Columb i n teractions. It also ignores the e ect of the exclusion principle. The latter is particularly important when the beam is extremely cold 3 .
It is possible that the centroid motion would not be a ected by quantum mechanical considerations when one ignores the exclusion principle. However, as demonstrated by Eq.1, quantum mechanics does a ect the beam's second moments. It is therefore possible that the rst quantum mechanical e ect on echo occurs to the higher order echo when the beam is rst kicked by a quadrupole kick, followed by a sextupole kick, and the echo signal is to appear by observing the second moment of the beam.
We w ould like to model the foregoing classical narrative of the echo e ect using quantum mechanical wavepackets instead of classical point-particles. Thus, we m ust translate each component of such a n e c ho experiment i n to quantum mechanical language. Because transverse motion is non-relativistic, we can use the Schr odinger equation to describe the propagation of single-particle wavepack- There are two active" elements to the echo experiment described above.
The beam is rst given a dipole kick, or displaced, and then given a quadrupole kick, or squeezed. These two transformations can be described via two unitary operators, namely, the displacement operator and the squeeze operator 4 . In the absence of non-linearities, the e ect of the displacement and squeeze operators on the time dependence of the quantum state of each particle can be obtained by standard quantum mechanical treatements. However, in order to model the lamentation process in the beam, we need to treat the case including non- Given the initial wavefunctions j q;0 for all particles j = 1 ; 2 ; :::N, w e can compute j q;t. We propose to write the answer as q;t;q 0 ; p 0 where q 0 ; p 0 are the initial centroid coordinates of an injected particle. We then compute One can show that the quantum emittance given by Eq.1 follows from this equation.
A generalization of the calculation is needed when a small non-linearity i s added.
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